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THE AFFINE QUASI-EINSTEIN EQUATION FOR
HOMOGENEOUS SURFACES
M. BROZOS-VA´ZQUEZ E. GARCI´A-RI´O P. GILKEY, AND X. VALLE-REGUEIRO
Abstract. We study the affine quasi-Einstein Equation for homogeneous sur-
faces. This gives rise through the modified Riemannian extension to new half
conformally flat generalized quasi-Einstein neutral signature (2, 2) manifolds,
to conformally Einstein manifolds and also to new Einstein manifolds through
a warped product construction.
1. Introduction
The affine quasi-Einstein Equation (see Equation (1.c)) is a 0th order perturba-
tion of the Hessian. It is a natural linear differential equation in affine differential
geometry. We showed (see [4]) that it gives rise to strong projective invariants of
the affine structure. Moreover, this equation also appears in the classification of
half conformally flat quasi-Einstein manifolds in signature (2, 2). In this paper, we
will examine the solution space to the affine quasi-Einstein Equation in the context
of homogeneous affine geometries.
A description of locally homogeneous affine surfaces has been given by Opozda
[11] (see Theorem 1.7 below). They fall into 3 families. The first family is given
by the Levi-Civita connection of a surface of constant curvature (Type C). There
are two other families. The first (Type A) generalizes the Euclidean connection
and the second (Type B) is a generalization of the hyperbolic plane. As the Type
C geometries are very rigid, we shall focus on the other two geometries. There are
many non-trivial solutions of the affine quasi-Einstein Equation for Type A geome-
tries (see Section 1.5) and for Type B geometries (see Section 1.6). This leads (see
Theorem 1.1 and Remark 1.2) to new examples of half conformally flat and confor-
mally Einstein isotropic quasi-Einstein manifolds of signature (2, 2). We also use
results of [8] to construct new higher dimensional Einstein manifolds. Our present
discussion illustrates many of the results of [4] and focusses on the dimension of the
eigenspaces of the solutions to the affine quasi-Einstein Equation for homogeneous
surfaces.
1.1. Notational conventions. Recall that a pair M = (M,∇) is said to be an
affine manifold if ∇ is a torsion free connection on the tangent bundle of a smooth
manifold M of dimension m ≥ 2. We shall be primarily interested in the case of
affine surfaces (m = 2) but it is convenient to work in greater generality for the
moment. In a system of local coordinates, express ∇∂
xi
∂xj = Γij
k∂xk where we
adopt the Einstein convention and sum over repeated indices. The connection ∇ is
2010 Mathematics Subject Classification. 53C21, 53B30, 53C24, 53C44.
Key words and phrases. Quasi-Einstein manifold, half conformally flat, Walker manifold, Rie-
mannian extension, homogeneous affine manifold.
Suported by Project MTM2016-75897-P (AEI/FEDER, UE).
1
2 M. BROZOS-VA´ZQUEZ ET AL.
torsion free if and only if the Christoffel symbols Γ = (Γij
k) satisfy the symmetry
Γij
k = Γji
k or, equivalently, if given any point P of M , there exists a coordinate
system centered at P so that in that coordinate system we have Γij
k(P ) = 0.
Let f be a smooth function on M . The Hessian
(1.a) H∇f = ∇2f := (∂xi∂xjf − Γij
k∂xkf) dx
i ⊗ dxj
is an invariantly defined symmetric (0, 2)-tensor field; H∇ : C∞(M)→ C∞(S2(M))
is a second order partial differential operator which is natural in the context of
affine geometry. The curvature operator R∇ and the Ricci tensor ρ∇ are defined
by setting:
R∇(x, y) := ∇x∇y −∇y∇x −∇[x,y] and ρ∇(x, y) := Tr{z → R∇(z, x)y} .
The Ricci tensor carries the geometry if m = 2; an affine surface is flat if and only
if ρ∇ = 0 because
ρ11 = R211
2, ρ12 = R212
2, ρ21 = R121
1, ρ22 = R122
1 .
In contrast to the situation in Riemannian geometry, ρ∇ is not in general a sym-
metric (0, 2)-tensor field. The symmetrization and anti-symmetrization of the Ricci
tensor are defined by setting, respectively,
ρs,∇(x, y) := 12{ρ∇(x, y) + ρ∇(y, x)} and ρa,∇(x, y) :=
1
2{ρ∇(x, y) − ρ∇(y, x)} .
We use ρs,∇ to define a 0th order perturbation of the Hessian. The affine quasi-
Einstein operator Qµ,∇ : C∞(M)→ C∞(S2(M)) is defined by setting:
(1.b) Qµ,∇f := H∇f − µfρs,∇ .
The eigenvalue µ is a parameter of the theory; again, this operator is natural in the
category of affine manifolds. The affine quasi-Einstein Equation is the equation:
(1.c) Qµ,∇f = 0 i.e. H∇f = µfρs,∇ .
We introduce the associated eigenspaces by setting:
E(µ,∇) := ker(Qµ,∇) = {f ∈ C∞(M) : H∇f = µfρs,∇} .
Similarly, if P is a point of M , we let E(P, µ,∇) be the space of germs of solutions
to Equation (1.c) which are defined near P . Note that E(0,∇) = ker(H∇) is the
set of Yamabe solitons. Also note that ρs,∇ = 0 implies E(µ,∇) = E(0,∇) for any
µ. If µ 6= 0 and f > 0, let fˆ := −2µ−1 log(f), i.e. f = e−
1
2
µfˆ . This transformation
converts Equation (1.c) into the equivalent non-linear equation:
(1.d) H∇fˆ + 2ρs,∇ − 12µdfˆ ⊗ dfˆ = 0 .
1.2. Half conformally flat 4-dimensional geometry. Equation (1.d) plays an
important role in the study of the quasi-Einstein Equation in neutral signature
geometry [3]. Let N = (N, g, F, µN ) be a quadruple where (N, g) is a pseudo-
Riemannian manifold of dimension n, F ∈ C∞(N), and µN ∈ R. Let ∇g be the
Levi-Civita connection of g; the associated Ricci tensor ρg is a symmetric (0, 2)-
tensor field. We say that N is a quasi-Einstein manifold if
H∇gF + ρg − µNdF ⊗ dF = λ g for λ ∈ R .
We say N is isotropic if ‖dF‖ = 0. We restrict to the 4-dimensional setting where
Walker geometry (see [6, 13]) enters by means of the deformed Riemannian exten-
sion. If (x1, x2) are local coordinates on an affine surface M = (M,∇), let (y1, y2)
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be the corresponding dual coordinates on the cotangent bundle T ∗M ; if ω is a
1-form, then we can express ω = y1dx
1 + y2dx
2. Let Φ be an auxiliary symmetric
(0, 2)-tensor field. The deformed Riemannian extension is defined [5] by setting:
(1.e) g∇,Φ = 2dxi ◦ dyi +
{
−2ykΓij
k +Φij
}
dxi ◦ dxj .
These neutral signature metrics are invariantly defined. Let π : T ∗M →M be the
natural projection. One has the following useful intertwining relation:
Hg∇,Φπ
∗fˆ = π∗H∇fˆ , ρg∇,Φ = 2π
∗ρs,∇, ‖dπ∗fˆ‖2g∇,Φ = 0 ,
for any fˆ ∈ C∞(M). The following observation is now immediate; note the factor
of 12 in passing from the eigenvalue µ on the base to the eigenvalue µT∗M on the
total space:
Theorem 1.1. Let (M,∇) be an affine surface and let fˆ ∈ C∞(M) satisfy Equa-
tion (1.d) or, equivalently, f = e−
1
2
µfˆ ∈ E(µ,∇). Let F = π∗fˆ , and let Φ be
an arbitrary symmetric (0, 2)-tensor field on M . Then (T ∗M, g∇,Φ, F, µT∗M ) for
µT∗M =
1
2µ is a self-dual isotropic quasi-Einstein Walker manifold of signature
(2, 2) with λ = 0.
Remark 1.2. Starting with a quasi-Einstein manifold (N, g, F, µN ) where µN =
1
r
for r a positive integer, there exist appropriate Einstein fibers E of dimension r
so that the warped product N ×ϕ E is Einstein where ϕ = e−F/r [8]. We can
use Theorem 1.1 to construct self-dual isotropic quasi-Einstein Walker manifolds
of neutral signature (2, 2) from affine quasi-Einstein surfaces. Thus it is important
to have solutions to the affine quasi-Einstein Equation for quite general µ and, in
particular, for µ = 2r . This will be done quite explicitly in our subsequent analysis.
The parameter µN = −
1
n−2 is a distinguished value which is often exceptional. For
n ≥ 3, (N, g, f, µN = −
1
n−2 ) is a quasi-Einstein manifold if and only if e
− 2
n−2
fg is
Einstein [9]. Therefore, taking into the account the fact that µT∗M =
1
2µM , having
solutions for the parameter µm = −
1
m−1 on (M
m,∇) gives rise to conformally
Einstein Riemannian extensions (T ∗M, g∇,Φ) [3].
The critical eigenvalue µm = −
1
m−1 is distinguished in this theory (see Theo-
rem 1.5 below). For affine surfaces, this corresponds to µ2 = −1 or, equivalently,
µT∗M = −
1
2 . Excluding this value, we have the following converse to Theorem 1.1
(see [3]).
Theorem 1.3. Let (N, g, F, µN ) be a self-dual quasi-Einstein manifold of signature
(2, 2) which is not locally conformally flat with µN 6= −
1
2 . Assume (N, g) is not
Ricci flat. Then λ = 0 and (N, g, F, µN ) is locally isometric to a manifold which
has the form given in Theorem 1.1.
1.3. Foundational results concerning the affine quasi-Einstein Equation.
We established the following result in [4]:
Theorem 1.4. Let M = (M,∇) be an affine manifold. Let f ∈ E(P, µ,∇).
(1) One has f ∈ C∞(M). If M is real analytic, then f is real analytic.
(2) If X is the germ of an affine Killing vector field based at P , then
Xf ∈ E(P, µ,∇).
(3) If f(P ) = 0 and df(P ) = 0, then f ≡ 0. Thus dim{E(P, µ,∇)} ≤ m+ 1.
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(4) If M is simply connected and if dim{E(P, µ,∇)} is constant on M , then f
extends uniquely to an element of E(µ,∇).
We say that ∇ and ∇˜ are projectively equivalent if there exists a 1-form ω so
that ∇XY = ∇˜XY + ω(X)Y + ω(Y )X for all X and Y . The equivalence is said
to be a strong projective equivalence if ω is closed. If two projectively equivalent
connections have symmetric Ricci tensors, then the two connections are, in fact,
strongly projectively equivalent [7, 10, 12]. A connection ∇ is said to be projectively
flat (resp. strongly projectively flat) if ∇ is projectively equivalent (resp. strongly
projectively equivalent) to a flat connection.
Theorem 1.5. If M is an affine surface, then dim{E(µ2,∇)} 6= 2. Moreover
(1) M is strongly projectively flat if and only if dim{E(µ2,∇)} = 3.
(2) If M is strongly projectively flat and rank ρ∇ = 2, then for µ 6= µ2:
(a) dim{E(µ,∇)} = 0 for µ 6= 0, and
(b) dim{E(0,∇)} = 1.
(3) If dim{E(µ,∇)} = 3 for µ 6= µ2, then M is Ricci flat and also strongly
projectively flat.
Remark 1.6. In Theorem 1.17, we will exhibit Type B surfaces with rank ρs,∇ = 2
and dim{E(µ,∇)} 6= 0 for µ 6= 0. Consequently, Theorem 1.5 (2) fails without the
assumption that M is strongly projectively flat.
1.4. Locally homogeneous surfaces. Let Γij
k = Γji
k ∈ R define a connection
∇Γ on R2. The translation subgroup (x1, x2)→ (x1 + a1, x2 + a2) acts transitively
on R2 and preserves∇Γ so (R2,Γ) is a homogeneous geometry. In a similar fashion,
let Γij
k = (x1)−1Cijk for Cijk = Cjik ∈ R define a connection ∇C on R+×R. The
non-Abelian group (x1, x2)→ (ax1, ax2+b) for a > 0 and b ∈ R acts transitively on
the geometry (R+ ×R,∇C) so this also is a homogeneous geometry. The following
result was established by Opozda [11].
Theorem 1.7. Let M = (M,∇) be a locally homogeneous affine surface. Then at
least one of the following three possibilities hold describing the local geometry:
(A) There exists a coordinate atlas so the Christoffel symbols Γijk are constant.
(B) There exists a coordinate atlas so the Christoffel symbols have the form
Γij
k = (x1)−1Cijk for Cijk constant and x1 > 0.
(C) ∇ is the Levi-Civita connection of a metric of constant Gauss curvature.
Let M = (M,∇) be a locally homogeneous affine surface which is not flat,
i.e. ρ∇ does not vanish identically. One says that M is a Type A, Type B or
Type C surface depending on which possibility holds in Theorem 1.7. These are not
exclusive possibilities.
Remark 1.8. Type C surfaces are strongly projectively flat with Ricci tensor of
rank 2 in the non-flat case. Hence Theorem 1.5 shows that dim{E(0,∇)} = 1,
dim{E(−1,∇)} = 3, and dim{E(µ,∇)} = 0 otherwise.
We shall say that two Type A surfaces are linearly equivalent if they are in-
tertwined by the action of an element of the general linear group. Similarly we
shall say that two Type B surfaces are linearly equivalent if they are intertwined
by some action (x1, x2)→ (x1, ax1 + bx2) for b 6= 0. The Ricci tensor is symmetric
for Type A and Type C geometries; there are Type B geometries where the Ricci
tensor is not symmetric.
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Let µ ∈ R. It is convenient to consider complex solutions to the affine quasi-
Einstein Equation by taking EC(µ,∇) := E(µ,∇)⊗RC. Real solutions can then be
obtained by taking the real and imaginary parts as both the underlying equation
and the eigenvalue are real.
1.5. Type A surfaces. The following result will be proved in Section 3; it is the
foundation of our later results concerning TypeA geometry as it provides the ansatz
for our computations. Let A be the commutative unital algebra of affine Killing
vector fields generated by {∂x1 , ∂x2}.
Theorem 1.9. Let E be a finite dimensional A submodule of C∞(R2)⊗R C. Then
there exists a basis for E of functions of the form eα1x
1+α2x
2
p(x1, x2) for p polyno-
mial, where αi ∈ C. Furthermore, eα1x
1+α2x
2
∂xip ∈ E for i = 1, 2.
Let M = (R2,∇) be a Type A surface. Any Type A surface is strongly projec-
tively flat with symmetric Ricci tensor [2]. The following result will be established
in Section 4.
Theorem 1.10. Let M be a Type A surface which is not flat.
(1) Let µ = 0. Then E(0,∇) = Span{1} or, up to linear equivalence, one of
the following holds:
(a) Γ11
1 = 1, Γ12
1 = 0, Γ22
1 = 0, and E(0,∇) = Span{1, ex
1
}.
(b) Γ11
1 = Γ12
1 = Γ22
1 = 0, and E(0,∇) = Span{1, x1}.
(2) Let µ = −1. Then dim{E(−1,∇)} = 3.
(3) Let µ 6= 0,−1. Then dim{E(µ,∇)} =
{
2 if rank ρ∇ = 1
0 if rank ρ∇ = 2
}
.
Remark 1.11. LetM be a Type A surface which is not flat. By Remark 1.2, since
dim{E(−1,∇)} = 3, the corresponding Riemannian extension N := (T ∗M, g∇,Φ) is
conformally Einstein for any Φ. Although in this instance N is locally conformally
flat if Φ = 0 [1], N is not locally conformally flat for generic Φ 6= 0.
1.6. Type B surfaces. Let B be the unital non-commutative algebra generated
by the vector fields ∂x2 and X := x
1∂x1 + x
2∂x2 . The representation theory of the
algebra B is crucial to our investigation:
Theorem 1.12. Let E be a finite dimensional B submodule of C∞(R+×R)⊗R C.
(1) If f ∈ E, then f =
∑
α,i,j cα,i,j(x
1)α(log(x1))i(x2)j where in this finite sum
cα,i,j ∈ C, α ∈ C, and i and j are non-negative integers.
(2) If dim{E} = 1, then E = SpanC{(x
1)a} for some a.
(3) If dim{E} = 2, then one of the following possibilities hold:
(a) E = SpanC{(x
1)α, (x1)α(c1x
1 + x2)}.
(b) E = SpanC{(x
1)α, (x1)α log(x1)}.
(c) E = SpanC{(x
1)α, (x1)β} for α 6= β.
Let M be a Type B surface. Then ∂x2 and X are Killing vector fields for M
and hence, by Theorem 1.4, E(µ,∇) is a finite dimensional B module. The func-
tions of Assertion (1) are all real analytic; this is in accordance with Theorem 1.4.
We will assume M is not Ricci flat and thus dim{E(µ,∇)} ≤ 2 for µ 6= −1 so
Assertions (2,3) apply. An appropriate analogue of Assertion (1) holds in arbitary
dimensions.
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Surfaces of Type A are strongly projectively flat. Thus any Type B surface
which is also Type A is strongly projectively flat (see Theorem 6.1). There are,
however, strongly projectively flat surfaces of Type B which are not of Type A. We
will establish the following result in Section 6.1.
Theorem 1.13. If M be a Type B surface, then M is strongly projectively flat if
and only if M is linearly equivalent to one of the surfaces:
(1) C12
1 = C22
1 = C22
2 = 0 (i.e. M is also of Type A).
(2) C11
1 = 1 + 2v, C11
2 = 0, C12
1 = 0, C12
2 = v, C22
1 = ±1, C222 = 0.
We remark that the special choice of v = −1 in Assertion (2) corresponds to the
hyperbolic plane and the Lorentzian analogue in Theorem 6.1 (3).
We now turn to the study of the affine quasi-Einstein Equation. We first examine
the Yamabe solitons, working modulo linear equivalence. We shall establish the
following result in Section 6.2.
Theorem 1.14. Let M be a Type B surface. Then E(0,∇) = Span{1} except in
the following cases where we also require ρ∇ 6= 0.
(1) C11
2 = cC11
1, C12
2 = cC12
1, C22
2 = cC22
1, E(0,∇) = Span{1, x2− cx1}.
(2) C11
1 = −1, C121 = 0, C221 = 0, E(0,∇) = Span{1, log(x1)}.
(3) C11
1 = α− 1, C121 = 0, C221 = 0, E(0,∇) = Span{1, (x1)α} for α 6= 0.
By Theorem 1.5 (1), dim{E(−1,∇)} = 3 if and only ifM is strongly projectively
flat. Thus this case is covered by Theorem 1.13. Furthermore, dim{E(−1,∇)} 6= 2
by Theorem 1.5. We now examine the remaining case where dim{E(−1,∇)} = 1.
Theorem 1.15. Let M be a Type B surface with ρ∇ 6= 0 which is not strongly
projectively flat. Then dim{E(−1,∇)} = 0 except in the following cases where
dim{E(−1,∇)} = 1:
(1) C22
1 = 0, C22
2 = C12
1 6= 0.
(2) C22
1 = ±1, C121 = 0, C222 = ±2C112 6= 0, C111 = 1 + 2C122 ± (C112)2.
Remark 1.16. Let M be a Type B surface with dim{E(−1,∇)} = 1. By Re-
mark 1.2, N := (T ∗M, g∇,Φ) is conformally Einstein for any Φ. Moreover, since
M is not strongly projectively flat, unlike in the Type A setting, N is not locally
conformally flat for any Φ [1].
Let µ 6= 0 and µ 6= −1. In the Type A setting, Theorem 1.10 shows that
dim{E(µ,∇)} = 0 or dim{E(µ,∇)} = 2. The situation is quite different in the
Type B setting as there are examples where dim{E(µ,∇)} = 1.
Theorem 1.17. Let M be a Type B surface which is not of Type A with ρs,∇ 6= 0.
Let µ /∈ {0,−1}. Then dim{E(µ,∇)} ≥ 1 if and only if M is linearly equivalent to
a surface with
C12
1 = 0, C22
1 = ±1, C222 = ±2C112,
µ = −(C11
1)2+2C11
1C12
2±2(C112)2−(C122)2+2C122+1
(C111−C122−1)2 , C11
1 − C122 − 1 6= 0.
Furthermore, dim{E(µ,∇)} = 2 if and only if M is linearly equivalent to one of:
(1) C11
1 = −1 + C122 , C112 = 0 , C121 = 0 , C221 = ±1 , C222 = 0,
µ = 12C12
2 6= 0.
(2) C11
1 = − 12 (5± 16(C11
2)2) , C12
1 = 0 , C12
2 = − 12 (3± 8(C11
2)2),
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C22
1 = ±1 , C222 = ±2C112, µ = −
3±8(C112)2
4±8(C112)2 , C11
2 /∈ {0,± 1√
2
} .
2. The proof of Theorem 1.5
Assertions (1) and (3) of Theorem 1.5 follow from more general results of [4].
The following result (see [7, 10]) characterizes strongly projectively flat surfaces
and will be used in the proof of Theorem 1.5 (2).
Lemma 2.1. IfM = (M,∇) is an affine surface, then the following assertions are
equivalent:
(1) M is strongly projectively flat.
(2) ρ∇ and ∇ρ∇ are totally symmetric.
(3) ρ∇ is symmetric and M is projectively flat.
2.1. The proof of Theorem 1.5 (2). Let M be strongly projectively flat with
rankρ∇ = 2. By Lemma 2.1, ρ∇ = ρs,∇. We may covariantly differenciate the
quasi-Einstein Equation (1.c) with respect to ∂xi in local coordinates to get
H∇,jk;if = µ{(∂xif)ρ∇,jk + fρ∇,jk;i}.
We interchange the indices i and j and subtract to get
R∇,ijkl(∂xlf) = H∇,ik;jf −H∇,jk;if
= µ{(∂xjf)ρ∇,ik + fρ∇,ik;j} − µ{(∂xif)ρ∇,jk + fρ∇,jk;i}.
By Lemma 2.1, ∇ρ∇ is totally symmetric and the previous expression simplifies:
R∇,ijkl(∂xlf) = µ{(∂xjf)ρ∇,ik − (∂xif)ρ∇,jk}.
Since M is 2-dimensional the only curvature term is
R∇,12 : ∂xi → ρ∇,2i∂x1 − ρ∇,1i∂x2 .
Consequently, (R∇,12∂xi)f = −µ(R∇,12∂xi)f and, hence,
(µ+ 1)(R∇,12∂xi)f = 0.
This is a homogeneous system of linear equations. Because ρ∇ has rank 2, R∇,12
has rank 2. If µ 6= −1, 0, then the only solutions are ∂xif = 0 and f is necessarily
constant. This shows that dim{E(µ,∇)} = 0 for all µ 6= 0,−1. Moreover, if µ = 0
one has R∇,12∂xif = 0 and f is constant, thus showing that dim{E(0,∇)} = 1. 
3. The proof of Theorem 1.9
Let A be the commutative unital algebra generated by {∂x1 , ∂x2}. Let E be a
finite dimensional A submodule of C∞(R2)⊗R C. If f ∈ E , set
E(f) := Span{f, ∂x1f, . . . , ∂
k
x1f, . . . } ⊂ E .
As E is finite dimensional, there is a minimal dependence relation:
(3.a)
∏
i(∂x1 − λi)
nif = 0 for λi ∈ C distinct .
Let fi :=
∏
j 6=i(∂x1 − λj)
njf ∈ E(f). If we fix x2, then fi(x1, x2) satisfies the
constant coefficient ODE (∂x1 − λi)
nifi(x
1, x2) = 0 with suitably chosen initial
conditions determined by {fi(0, x2), ∂x1fi(0, x
2), . . . }. Consequently, we may ex-
press fi(x
1, x2) = {(x1)ni−1hni−1(x
2) + · · · + h0(x2)}eλix
1
. Since Equation (3.a)
is to be a minimal dependence relation for f , hni−1 does not vanish identically.
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Consequently, the functions {(∂x1 − λi)
kfi}0≤k≤ni−1 for fixed i are linearly inde-
pendent. The different exponential terms do not interact and thus for dimensional
reasons, the collection of all these functions forms a basis for E(f). Thus, f can be
expressed in terms of these elements, i.e. any element of E can be expressed as a
sum of functions of the form eαx
1∑
i(x
1)ihi(x
2) where α ∈ C. A similar analysis
of the x2 dependence shows that we can express f in the given form. We complete
the proof by noting that we can express
eα1x
1+α2x
2
∂x1p = (∂x1 − α1){e
α1x
1+α2x
2
p(~x)} ∈ E . 
4. Type A surfaces
We shall assume that ρ 6= 0. By Theorem 1.4, dim{E(µ,∇)} ≤ 3 and by
Theorem 1.5, dim{E(µ,∇)} 6= 3 if µ 6= µ2 = −1. We use these facts implicitly in
what follows.
The proof of Theorem 1.10 (1). Let M be a Type A surface. It is immediate
from the definition that 1 ∈ E(0,∇). Suppose there exists a non-constant function
f ∈ E(0,∇), i.e. dim{E(0,∇)} = 2. By Lemma 4.1 of [2], R∇,12(df) = 0. This
implies that df belongs to the kernel of the curvature operator. Consequently after
a suitable linear change of coordinates, we have f = f(x1) for any f ∈ E(0,∇). We
apply Theorem 1.9 to see that we may assume f(x1, x2) = p(x1)ea1x
1
.
Case 1a. Suppose that a1 6= 0. By Theorem 1.9, we may assume f(x1) = ea1x
1
.
Since H∇f = 0, Equation (1.a) implies Γ121 = 0, Γ221 = 0, and Γ111 = a. Thus
a is real. Rescale the first coordinate to assume Γ11
1 = 1. A direct computation
shows E(0,∇)) = Span{1, ex
1
} which is the possibility of Assertion (1a).
Case 2a. Suppose that a1 = 0 so f(x
1, x2) = p(x1) is a non-constant polynomial.
We apply Theorem 1.9 to assume p is linear. Subtracting the constant term then
permits us to assume p(x1) = x1. We then obtain Γ11
1 = Γ12
1 = Γ22
1 = 0.
A direct computation shows E(0,∇)) = Span{1, x1} which is the possibility of
Assertion (1b). 
4.1. The proof of Theorem 1.10 (2). Results of [2] show that any Type A
geometry is strongly projectively flat. Theorem 1.5 then shows dim{E(−1,∇)} = 3.
4.2. The proof of Theorem 1.10 (3). Assume that µ /∈ {0,−1}.
Case 3a. Let M be a Type A surface with rank ρ∇ = 1. As dim{E(µ,∇)} ≤ 2,
it suffices to show dim{E(µ,∇)} ≥ 2. We make a linear change of coordinates to
assume ρ∇,11 = ρ∇,12 = 0. By Lemma 2.3 of [2], this implies Γ112 = Γ122 = 0. The
affine quasi-Einstein Equation for f(x1, x2) = ea2x
2
reduces to the single equation:
a22 − a2Γ22
2 − µρ22 = 0 .
Generically, this has two distinct complex solutions which completes the proof in
this special case. However, we must deal with the case in which the discriminant
(Γ22
2)2 + 4µρ22 = 0. Since µ 6= 0 and ρ22 6= 0, Γ222 6= 0. Thus there is a single
exceptional value µ = −(Γ222)2/(4ρ22). The affine quasi-Einstein Equation for
f(x1, x2) = x2ea2x
2
again reduces to a single equation
(2a2 − Γ22
2)(4 + 2a2x
2 − x2Γ22
2) = 0 .
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Let a2 =
1
2Γ22
2 to ensure x2ea2x
2
∈ E(µ,∇) so dim{E(µ,∇)} ≥ 2 as desired.
Case 3b. Suppose M is a Type A surface with rank ρ∇ = 2. We apply Theo-
rem 1.5 (2) to show that dim{E(µ,∇)} = 0. 
5. The proof of Theorem 1.12
We prove the three assertions seriatim.
The proof of Theorem 1.12 (1). Let B be the unital non-commutative algebra
generated by X := x1∂x1 + x
2∂x2 and ∂x2 . Let E be a finite dimensional B sub-
module of C∞(R+×R)⊗RC. Let 0 6= f ∈ E . Applying exactly the same argument
as that used to prove Theorem 1.9 permits us to expand f in the form
f =
∑
ij
eβjx
2
(x2)ihij(x
1) where βj ∈ C .
Suppose that hij 6≡ 0 for some βj 6= 0. Choose i0 maximal so hi0j 6≡ 0. We compute
Xnf = eβjx
2
{βnj (x
2)i0+nhi0j(x
1) +O((x2)i0+n−1)}+ . . .
where we have omitted terms not involving the exponential eβjx
2
. This constructs
an infinite sequence of linearly independent functions in E which contradicts our
assumption that E is finite dimensional. Consequently f is polynomial in x2. We
wish to determine the form of the coefficient functions hi(x
1). Let X˜ := x1∂x1 .
We have Xkf =
∑
i(x
2)i(i + X˜)khi. Since E is finite dimensional, the collection
{(i + X˜)khi}, or equivalently {X˜khi}, can not be an infinite sequence of linearly
independent functions. If hi is constant, we do not need to proceed further in
considering hi. Otherwise, there must be a minimal dependence relation which we
can factor in the form
(5.a)
∏
j(X˜ − λj)
njhi = 0 .
The solutions to Equation (5.a) are spanned by the functions (log(x1))k(x1)λ but
apart from that, the analysis is the same as that performed in the proof of Theo-
rem 1.9 and we can expand each hi in terms of these functions. This completes the
proof of Assertion (1).
The proof of Theorem 1.12 (2). Let dim{E} = 1 and let 0 6= f ∈ E . Expand f
in the form of Assertion (1) and choose j0 maximal so ca,i,j0 6= 0 for some (a, i). If
j0 > 0, then ∂x2f 6= 0. Consequently {f, ∂x2f} are linearly independent elements
of E which is false. Let ca,i := ca,i,0. We have
Xf =
∑
a,i
ca,i(x
1)a{a log(x1)i + i log(x1)i−1} ∈ E .
Since dim{E} = 1, Xf must be a multiple of f . Thus, there is exactly one value of
a so ca,i0 6= 0. Furthermore, one has i0 = 0. This implies f = (x
1)a as desired.
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The proof of Theorem 1.12 (3). Let dim{E} = 2. If Assertion (3c) fails, we
can choose 0 6= f ∈ E so that f 6= (x1)a for any a. Expand f in the form of
Assertion (1) and choose j0 maximal so ca,i,j0 6= 0.
Step 3a. Suppose j0 ≥ 1. Then {f, ∂x2f} are linearly independent elements of
E and hence are a basis for E . Consequently ∂2x2f = 0 and f is linear in x
2. Let
E1 := ∂x2f · C. This subspace is clearly invariant under X and ∂x2 . Thus, by
Assertion (2), ∂x2f = (x
1)α for some α. Consequently
f(x1, x2) = h(x1) + (x1)αx2 for h(x1) =
∑
a,i
ca,i(x
1)a(log(x1))i .
We have (X −α− 1)f = (X −α− 1)h is independent of x2 and thus belongs to E1.
Consequently, this is a multiple of (x1)α, i.e.∑
a,i
ca,i(x
1)a{(a− α− 1)(log(x1))i + i(log(x1))i−1} = c0(x1)α .
We must therefore have ca,i = 0 for a /∈ {α + 1, α}. If a = α + 1 or a = α,
we conclude cα,i = 0 for i > 0. We can eliminate the term involving (x
1)α by
subtracting an appropriate multiple of ∂x2f = (x
1)α. Thus E has the form given in
Assertion (3a).
Step 3b. Suppose f =
∑
a,i ca,i(x
1)a(log(x1))i is independent of x2. We have
(X − b)f =
∑
a,i
ca,i(x
1)a{(a− b)(log(x1))i + i(log(x1))i−1} .
Choose i0 maximal so ca,i0 6= 0. If i0 = 0, then f =
∑
a ca(x
1)a. Since f 6= (x1)a,
there are at least two different exponents where cai 6= 0. Since (X − ai)f will
be non-zero and not involve the exponent ai, we conclude for dimensional reasons
that there are exactly two such indices and that E = Span{(x1)a1 , (x1)a2} contrary
to our assumption. Thus i0 > 0 and ca1,i0 6= 0. Suppose there is more than 1
exponent. Then {f, (X−a1)f, (X−a2)f} would be linearly independent. Thus we
could take f =
∑
i(x
1)a(log(x1))i. If i0 ≥ 2, we conclude {f, (X−a1)f, (X−a1)2f}
are linearly independent. Thus f = (x1)a{c0+c1 log(x1)}. Again, applying (X−a),
we conclude (x1)a ∈ E and thus Assertion (3b) holds. 
6. Type B surfaces
We refer to [2] for the proof of the following result.
Theorem 6.1.
(1) There are no surfaces which are both Type A and Type C.
(2) A type B surface is locally isomorphic to a Type A surface if and only if
(C12
1, C22
1, C22
2) = (0, 0, 0); the Ricci tensor has rank 1 in this instance.
(3) A Type B surface is locally isomorphic to a Type C surface if and only if C
is linearly equivalent to one of the following two examples whose non-zero
Christoffel symbols are C11
1 = −1, C122 = −1, C221 = ±1. The associated
Type C geometry is given by ds2 = (x1)−2{(dx1)2 ± (dx2)2}.
Throughout this section, we will let M be a Type B affine surface; we assume
ρ 6= 0 to ensure the geometry is not flat. In Section 6.1, we examine when a Type B
surface is strongly projectively flat. In Section 6.2, we determine the dimension of
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the space of Yamabe solitons E(0,∇). In Section 6.3, we examine dim{E(−1,∇)}.
In Section 6.4, we examine the general case where µ /∈ {0,−1}.
6.1. The proof of Theorem 1.13. By Lemma 2.1,M is strongly projectively flat
if and only if ρ∇ is symmetric and ∇ρ∇ is totally symmetric. A direct calculation
shows the surfaces in Assertions (1) and (2) satisfy this condition. Conversely, ρ∇ is
symmetric if and only if C22
2 = −C121. Impose this condition. It is then immediate
that ∇ρ∇(1, 2; 1) = ∇ρ∇(2, 1; 1) and ∇ρ∇(1, 2; 2) = ∇ρ∇(2, 1; 2). The remaining
two equations yield:
0 = ∇ρ∇(1, 2; 1)−∇ρ∇(1, 1; 2)
= C11
1C12
1 + 3C11
2C22
1 − 2C12
1C12
2 + 2C12
1,
0 = ∇ρ∇(1, 2; 2)−∇ρ∇(2, 2; 1)
= 2C11
1C22
1 − 6(C12
1)2 − 4C12
2C22
1 − 2C22
1.
Suppose first C22
1 = 0. The second constraint yields−6(C121)2 = 0. Thus C121 = 0
and C22
2 = 0. This yields the surfaces of Assertion (1). We therefore assume
C22
1 6= 0. We can rescale so C221 = ε = ±1. Let x˜1 = x1 and x˜2 = cx1 + x2 define
a shear. We then obtain C˜12
1 = C12
1 − cC221. Thus by choosing c appropriately,
we assume that C12
1 = 0. We impose these constraints. Our equations become,
after dividing by ε, 3C11
2 = 0 and −2 + 2C111 − 4C122 = 0. We set C122 = v to
obtain C11
1 = 1+ 2v and obtain the surfaces of Assertion (2). 
6.2. The proof of Theorem 1.14: µ = 0. Let M be a Type B surface which
is not flat, or equivalently, not Ricci flat. Consequently, dim{E(0,∇)} < 3 by
Theorem 1.5. We have 1 ∈ E(0,∇)). Suppose, exceptionally, dim{E(0,∇)} = 2.
We examine the 3 cases of Theorem 1.12 seriatim.
Case 1. Suppose E(0,∇) = Span{(x1)α, (x1)α(−cx1 + x2)}. Since 1 ∈ E(0,∇),
we have α = 0 so f = −cx1 + x2. The following equations yield Assertion (1):
(Q11) : 0 = cC11
1−C11
2, (Q12) : 0 = cC12
1−C12
2, (Q22) : 0 = cC22
1−C22
2 .
Case 2. Suppose E(0,∇) = Span{(x1)α, (x1)α log(x1)}. Since 1 ∈ E(0,∇), we
have α = 0 so f = log(x1). The following equations yield Assertion (2):
(Q11) : 0 = −1− C11
1, (Q12) : 0 = −C12
1, (Q22) : 0 = −C22
1 .
Case 3. Suppose E(0,∇) = Span{(x1)α, (x1)β} for α 6= β. Since 1 ∈ E(0,∇), we
can take β = 0 and α 6= 0. The following equations yield Assertion (3):
(Q11) : 0 = α(−1 + α− C111), (Q12) : 0 = −αC121, (Q22) : 0 = −αC221. 
6.3. The proof of Theorem 1.15: µ = −1. LetM be a Type B surface. By The-
orem 1.5, dim{E(−1,∇)} 6= 2, 3. Suppose dim{E(−1,∇)} = 1. By Theorem 1.12,
f(x1, x2) = (x1)α for some α. As in the proof of Theorem 1.13, we distinguish
cases. We clear denominators.
Case 1. Suppose C22
1 = 0.
(Q11) : 0 = α
2 − α(C11
1 + 1) + C12
2(C11
1 − C12
2 + 1) + C11
2(C22
2 − C12
1),
(Q12) : 0 = C12
1(−2α+ 2C12
2 − 1) + C22
2, (Q22) : 0 = C12
1(C22
2 − C12
1) .
If C12
1 = 0, then Equation (Q12) implies C22
2 = 0. Thus C12
1 = C22
1 = C22
2 = 0
so by Theorem 1.13,M is projectively flat. This is false. Consequently, by Equation
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(Q22), we have C12
1 = C22
2 6= 0. We set α = C122 6= 0 to satisfy equations and
thereby obtain the structure of Assertion (1).
Case 2. Suppose C22
1 6= 0. We can rescale so C221 = ε = ±1 and change
coordinates to ensure C12
1 = 0. We obtain
(Q11) : 0 = α
2 − (C11
1 + 1)α− (C12
2)2 + C11
1C12
2 + C12
2 + C11
2C22
2 ,
(Q12) : 0 = C22
2 − 2C112ǫ, (Q22) : 0 = α− C111 + C122 + 1.
We set C22
2 = 2C11
2ε and obtain 0 = 1+α−C111+C122. We set α = C111−C122−1.
The final Equation then yields C11
1 = 1 + 2C12
2 + ε(C11
2)2. This is the structure
of Assertion (2). 
6.4. The proof of Theorem 1.17. Let µ /∈ {0,−1}. Suppose M is a Type B
surface with ρs,∇ 6= 0 and which is not also of Type A. Suppose dim{E(µ,∇)} ≥ 1;
dim{E(µ,∇)} ≤ 2 by Theorem 1.5. By Theorem 1.12, (x1)α ∈ E(µ,∇). As in the
proof of Theorem 1.15, we distinguish cases.
Suppose first that C22
1 = 0. Equation (Q22) shows 0 = C12
1(C12
1 − C222)µ.
Since µ 6= 0, either C121 or C121 = C222. If C121 = 0, we use Equation (Q12) to see
0 = −C222µ so C222 = 0. This gives a TypeA structure contrary to our assumption.
We therefore obtain C12
1 = C22
2. Equation (Q12) shows 0 = −C121(α + C122µ).
Thus, α = −C122µ. Equation (Q11) shows 0 = (C122)2µ(1+µ). Since µ /∈ {0,−1},
C12
2 = 0. This implies α = 0 so 1 ∈ E(µ,∇) and ρs = 0 contrary to our assumption.
We therefore have C22
1 6= 0. We can rescale the coordinates so C221 = ε = ±1.
We can then make a shear so C12
1 = 0. We substitute these relations to obtain:
(Q11) : 0 = α
2 −α(C111 +1)− µ
(
C11
1C12
2 + C11
2C22
2 − (C122)2 + C122
)
,
(Q12) : 0 = C11
2µǫ− C22
2µ
2 , (Q22) : 0 = ǫ(µ(−C11
1 + C12
2 + 1)− α).
Since µ 6= 0, we have C222 = 2εC112. We have:
(6.a) C22
1 = ε, C12
1 = 0, α = µ(1 + C12
2 − C11
1) .
The only remaining Equation is
(Q11) : 0 = µ{(C111)2(µ+ 1)− 2C111(C122µ+ C122 + µ)− 2(C112)2ǫ
+(C12
2)2(µ+ 1) + 2C12
2(µ− 1) + µ− 1}.
Since µ 6= 0, we can solve Equation (Q11) for µ to complete the proof of the first
portion of Theorem 1.17.
We now suppose dim{E(µ,∇)} = 2. We examine the possibilities of Theo-
rem 1.13 seriatim.
Case 1. E(µ,∇) = Span{(x1)α, (x1)α(cx1 + x2)}. Let f = (x1)α(cx1 + x2). We
have α = (1−C111+C122)µ. Equation (Q22) shows 0 = −(c+2C112) so c = −2C112.
After clearing denominators, we have
(Q11) : 0 = C11
2{−2(C111)2 + C111(6C122 − 3) + 8ε(C112)2
−4(C122)2 + 9C122 + 5},
(Q12) : 0 = (C11
1)2 − 3C11
1C12
2 − 2ε(C11
2)2 + 2(C12
2)2 − C12
2 − 1.
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Case 1a. If C11
2 = 0, Equation (Q11) is trivial and we obtain
(Q12) : 0 = (C11
1)2 − 3C111C122 + 2(C122)2 − C122 − 1
= (C11
1 − 2C12
2 − 1)(C11
1 − C12
2 + 1).
If C11
1 = 1+2C12
2, then µ = −1 which is false. If C111 = C122− 1, then we obtain
the structure in Assertion (1).
Case 1b. Suppose C11
2 6= 0, we may divide the first equation by C112 to see
(Q˜11) : 0 = −2(C111)2+C111(6C122 − 3)+ 8ε(C112)2− 4(C122)2 +9C122+5.
We compute that:
(Q˜11) + 4(Q12) : 0 = 2(C11
1)2 − 3C111(2C122 + 1) + 4(C122)2 + 5C122 + 1
= (2C11
1 − 4C122 − 1)(C111 − C122 − 1).
Since (C11
1 − C122 − 1) 6= 0, we obtain 2C111 − 4C122 − 1 = 0. There is then a
single remaining relation: 0 = 8(C11
2)2ǫ + 2C12
2 + 3. We solve this for C12
2 to
obtain the structure of Assertion (2).
Case 2. E(µ,∇) = Span{(x1)α, (x1)α log(x1)}. Evaluating Equation (Q22) at
x1 = 1 yields ε = 0 which is impossible. Therefore this case does not arise.
Case 3. E(µ,∇) = Span{(x1)α, (x1)β} for α 6= β. Since α is determined by
Equation (6.a), this case does not arise.
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